
 

Surfaces in IRB do Carmo 2.2

which one do we want to consider as surfaces
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Basic idea A surface is an object that local ly
looks like a piece of R2

nm

Definition A regular surface is a subset

S E 1133

s t V p E S 7 nbd of p in S V E S

and a smooth map called parametrization chart
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set I XI U V is a homeomorphism
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Explanation on More explicitly

UN x un y cu v 2 un f Can E U
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smooth functions

The differential of XI at q e U is a linear map
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q
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which can be expressed in matrix form w r t std basis
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is 1 I C 3 are linearly independent

Notation We will write In Iv to denote 3 FF respectively

Remark k is equivalent to any one of the following
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rank DII 2 at q
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F
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Example 1 Graphical surfaces

Given a smooth function F UCR IR
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is a regular surface
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why Consider the smooth map

XI U E R2 S E IRS
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Clearly I U S is a homeomorphism
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Alternatively

Eu x Eu C FI 3 1 to



Examples of graphical surfaces

f x y ax by c planes

f x y x4y2 paraboloid

f x y XZ y hyperboloid

plane paraboloid hyperboloid

Note The entire surface can be covered by 1 chart

Example 2 i Torus of revolution

S fifty a z2 r
or

where a r o are constants

is a surface

Define XI 0,25 x 0,2T U 1133 by

ICU V atrash cos at roosu sin V rsinu



Taking partial derivatives w r t U and

II u r f sink cos sin u sin v cos u

Iv atrash sin V cos V O

In Iv r atrash f cos u cos u cousin v sin u

So Iu Eu are linearly independent

Exercise How many parametrization
5 do we

need to cover the whole torus

Example 3 Helicoid

Consider TI R2 B defined by

Icu v u cos u u sin u u

Iu v sin u Vasu 1
linearly
independent

Iv co su sin u o

Therefore the image S XI B is a surface



Example 4 Ruled Surfaces

Let d I EIR IR be a regular space curve

B I 1123 be a smooth map s t B t 8 everywhere

Define XI I xD 1123 be

Icu v X U t v f cu

Q Does I give a parametrization of a surface

In x'cu t v f cu
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Iux I L'cu xp u t v flu xpcut
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Examples include

generalized cylinder cones
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